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DEGENERATE COMPLEX MONGE-AMPERE FLOWS ON 
STRICTLY PSEUDOCONVEX DOMAINS 


DO HOANG SON 

Abstract. We study the equation u = logdet(u a/ g) + f(t,z,u) in domains of C". 
This equation has a close connection with the Kaliler-Ricci flow. In this paper, we 
consider the case of the boundary conditions are smooth and the initial conditions 
are bounded. 
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Introduction 


On Kahler manifolds, a Kahler-Ricci flow is an equation 

d 

( 1 ) — u = —Ric(uj), 


which starts from a Kahler metric, 
curvature of ui, i.e., if 


to = 


Here, Ric(u>) is the form associated to the Ricci 


2vr 


gfjdz 1 A dzR 


then 

J-l , • 

Ric(u) = —-— (didj log det g)dz l A dzK 

This flow was become a poweful tool of geometry. The theory of Kahler-Ricci flow is well 
developed in the case of compact Kahler manifolds, see e.g. jOao85] . [PS05] . [STTT7] . 
ZliaOO I. [ToslOj . • C 1Z13j . |BG13j . It can be seen as the parabolic problem associated 
to an “elliptic” problem which would be the complex Monge-Ampere equation. 

Monge-Ampere equations and their generalizations have long been studied in strictly 
pseudoconvex domains of C n , see for instance [CKNS85 ]. This raises a natural question: 
what is the behavior of the corresponding parabolic equation in the case of C n ? 

Let fl be a bounded smooth strictly pseudoconvex domain of C n , i.e., there exists a 
smooth strictly plurisubharmonic function p defined on a bounded neighbourhood of 
Q such that fl = {p < 0} and dp\g^ ^ 0. 

Let T £ (0, oo]. We consider the equation 


{ u = logdet(u a a) + f(t,z,u) on fl x (0,T), 
u = (p on <9fI x [0, T), 

u = uq onOx {0}, 

where u = |j|, u a p = , u o a phirisubharmonic function in a neighbourhood of 

and / is smooth in [0,I)xQxM and non increasing in the last variable. 

This equation has a close connection with the Kahler-Ricci flow. There are some 
previous results. If u 0 is continuous and does not depend on the last variable, then (J2J) 
admits a unique viscosity solution IKGZ1 1 . If Uq is a smooth strictly plurisubharmonic 
function in H, ip is smooth in 0 x [0, T) and the compatibility conditions are satisfied, 
then (j2J) admits a unique solution u € C°°(VL x (0,T)) D C' 2;1 (f2 x [0,T)) 111.10 : we 
state their result in detail as Theorem 12.21 in Section [2j 

In this paper, we study the case where <p is smooth and uq is merely bounded. The 
main result is the following: 


Theorem 0.1. Let LI be a bounded smooth strictly pseudoconvex domain of C n and 
T £ (0, oo]. Let u o be a bounded plurisubharmonic function defined on a neighbourhood 
LI of LI. Assume that ip £ C°°(Ll x [0,T)) and f £ C°°([0,T) xflxl) satisfying 

(i) fu < 0. 

(ii) <p(z, 0) = Uo(z) for z £ d£2. 

Then there exists a unique function u £ C°°(Ll x (0, T)) such that 

(3) u(.,t) is a strictly plurisubharmonic function on H for all t £ (0, T), 


























(4) 

(5) 

( 6 ) 
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u = ^ on <90 x (0, T), 
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limufzjt) = Uo(z) Vz G O. 
t—>o 

Moreover, u G L°°(0 x [0,T')) for any 0 < T' < T, and u(.,t ) also converges to uq in 
capacity when t — * 0. 

If uq G 0(0) then u G 0(0 x [0, T)). 

Here, we say that u(.,t) converges to u 0 in capacity if the convergence is uniform 
outside sets of arbitrarily small capacity. 

This improves the main result of 1 11,10 in two directions: we do not need smoothness 
of the initial data, and still have continuity when t —> 0; and we obtain the maximal 
possible regularity when z tends to <90, for fixed t > 0. 

Some techniques used in this paper are from the corresponding result in the case of 
compact Kahler manifolds. On a compact Kahler manifold, results have been obtained 
in the more general case where Uq has zero or even positive Lelong numbers. We refer 
the reader to |GZ13| and [DL14] for the details. 

Acknowledgements. I am deeply grateful to Pascal Thomas and Vincent Guedj for 
many inspiring discussions on the subject and encouragement me to write down this 
paper. It is improved significantly thanks to their thorough reading and editing. I also 
would like to thank Lu Hoang Chinh for very useful discussions about Proposition \3.3l 

1. Strategy of the proof 

We fix some notation. We say that u G O 2;1 (0 x [0,T)) if u(.,t) G O 2 (0) for 
any t G [0,T), u(z,.) G C^QCfT)) for any z G 0 and u,u SjSk G 0(0 x [0,T)) for 
G■ 5/j G 2/l, ...%m Vn}' 

In order to prove Theorem 10.11 we use an approximation process and we first will 
need to prove the following a priori estimates theorem: 

Theorem 1.1. Let Q be a bounded smooth strictly pseudoconvex domain of C n and 
T > 0. Let ipe C°°{n x [0, T)) and f G C^QO.T) xOxl) and let u G O 00 ^ x 
(0,T)) D C 2;1 (0 x [0,T)) ; strictly plurisubharmonic with respect to z, be a solution of 
the equation 

(7) u = log det(u Qj g) + fit, z, u) on fix (0,T). 

Assume that 

(8) u\gfix[o : T) = ^|9nx[0,T), 

(9) sup \u(z, 0)1 < C u , 

( 10 ) 

( 11 ) 

( 12 ) 


f u (t,z,u ) < 0 \/{t,z,u ) G (0, T) x x M, 
II / 1| C 2 ((0,T)xf2xR) < Cf, 
IMIc 4 (Qx(0,T)) < Cp■ 
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Then there exists M 0 = M 0 (O, T, C u , C^, Cf) and for any 0 < e < T there exists 
C = C(Q, e, T, C u , C<p, Cf) such that 

\u\ < Mq on U x (0,T), 

|Vw| + |«| + A u < C on O x (e, T). 

Remark 1.2. In the theorem above, we denote 

IMIc*(nx(o,r)) = E sup \ D i D tT\, 

|j|+2i<fe nX (°’ T ) 

ll/llc*«o,T)xnxR)) = v sup I Di'D?Dif\, 

h+\j2\+j3<k 

where s = (si, ...,s 2n ) = (xi,yi,-,x n ,y n ). 

For the proof of Theorem 10.11 the strategy is as follows. 

+ Construct the solutions u m G C°°(r2 x (0, T)) flC 2;1 (0 x [0, T)) of (j3j) such that 
«m|Qx{o} and u m \ d nx(o, T ) converge pointwise, respectively, to u 0 and ^|anx(o,T)- 
We also ask that the u m be uniformly bounded and M m |aox(e m ,r) = t\ 90 x(e m ,T) 
for some e m \ 0. 

+ Use the a priori estimates to prove 

ll M m||c 2 (Qx(e,T')) — Ce,T' 

for any 0 < e < T 1 < T, where C €: t> > 0 is independent of m. 

+ Use C 2, “ estimates and to prove 

\\ u m\\c k (Ctx(e,T')) A C k ^ T ' 

for any 0 < e < T' < T and k > 0, where C k ,e,T' > 0 is independent on m. The 
C 2 ’" estimates and the C k,a regularity will be mentioned in section 5. 

+ By Ascoli’s theorem, there exists a subsequence of {u m }, denoted also by {u m }, 
and u G C'°°(f2 x (0, T ) such that 

C fc (Qx(e,T')) 

u m y u. 

Then, u satisfies ([3D, (HD and (J3D- 
+ Use Comparison principle to prove Q- 
+ Finally, we prove the uniqueness of u. 

We will study some important tools before we prove Theorem 10.11 In Section [21 we 
introduce some basic results about parabolic complex Monge-Ampere equations. In 
Sections [3] and HI we prove the a priori estimates theorem (Theorem 11.11) . In Section 
[5]we establish the C 2,a estimate needed to solve our problem. Finally in Section [6] we 
prove Theorem 10.11 

2. Preliminaries 


2.1. Hou-Li theorem. 

The Hou-Li theorem states that equation ([2D has a unique solution when the 
conditions are good enough. We will use it in Section 0 to obtain smooth solutions to 
an approximating problem, to which we then will apply the a priori estimates from 
Theorem 11.11 







PARABOLIC COMPLEX MONGE-AMPERE EQUATIONS 


5 


We first need the notion of subsolution. 


Definition 2.1. A function u G C' 00 (0 x [0,T)) is called a subsolution of the equation 
(ED if and only if 


(13) 


'u(.,t)is a strictly plurisubharmonic function, 
u < logdet (u) a p + f(t,z,u ), 
w|anx(o,r) = ^|anx(o,T), 
k «(-,0) < Mo- 


Theorem 2.2. Let C C n be a bounded domain with sm.ooth boundary. Let T G 
(0,oo], Assume that 

• is a smooth function in Cl x [0, T). 

• f is a smooth function in [0, T) x O x R non increasing in the lastest variable. 

• Mo is a smooth strictly plurisubharmonic funtion in a neighborhood of Cl. 

• uo(z) = f(z, 0), Vz G dCl. 

• The compatibility condition is satisfied, i.e. 

ip = logdet(M 0 ) a/ g + f(t,z,u 0 ), V(z,t) edClx {0}. 

• There exists a subsolution to the equation (HU). 

Then there exists a unique solution u G C 00 (flx (0, T)) nC 2;1 (0 x [0,T)) of the equation 

{ it = logdet(M aj g) + f(t, z, u ) onClx (0, T), 
m = f on dCl x [0, T), 

m = Mo on Cl x {0}. 

Remark 2.3. (i) There is a corresponding result in the case of a compact Kahler 

manifold. On the compact Kahler manifold X, we must assume that 0 < T < 
T max , where T max depends on X. In the case of domain C C n , we can 
assume that T = +oo if f,u are defined on Cl x [0,+oo) and f is defined on 
[0, +oo) xClxR. 

(ii) If Cl is a bounded smooth strictly pseudoconvex domain of C n then one can 
prove that a subsolution always exists, and so Theorem \2.A does ?iot need the 
additional assumpation of existence of a subsolution. 


2.2. Maximum principle. 

The following maximum principle is a basic tool to establish upper and lower bounds 
in the sequel (see |BG13] and [ IS 13] for the proof). 


Theorem 2.4. Let Cl be a bounded domain of C n and T > 0. Let {cut}o<t<T be a 
continuous family of continuous positive definite Hermitian forms on Denote by A t 
the Laplacian with respect to (jJ t : 

nojC~ l A dd c f 


, V/ G C°°(Cl). 


Suppose that H G C°°(f2 x (0,T)) n x [0,T)) and satisfies 
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Jr - A t)H <0 or H t < log 


(u) t + dd c H t ) n 




Then sup H — sup H. Here we denote dp(Q x (0,T)) = dfl x (0,T)UO x {0}. 

Ox[0,T) 9p(f2x[0,T)) 


Corollary 2.5. (Comparison principle) Let LI he a bounded domain of C n and T G 
(0, oo]. Let u, v 6 C°°(f2 x (0, T)) n C(f2 x [0, T)) satisfying 

• u(.,t) and v(.,t) are strictly plurisuhharmonic functions for any t G [0, T), 
•u< log det(u Q| g) + f(t,z,u), 

• v > logdet(u a/ g) + f(t,z,v ), 

where f G C' oo ([0,T) x ft x M) is non increasing in the last variable. 

Then sup (u — v) < max{ 0, sup [u — u)}. 

S2x(0,T) d P (flx(0,T)) 


Corollary 2.6. Let Ll be a bounded domain of C n and T G (0, oo]. 
operator on C°°(Ll x (0, T)) satisfying 


L(f) 


df_ 

dt 


sr d2 f 

^ a ^dz a dzy 


-b.f, 


We denote by L a 


where a a p,b G C(f2 x (0,T)), (a a p(z,t)) are positive definite Hermitian matrices and 
b(z, t) < 0. 

Assume that f> G C°°(Ll x (0, T)) fl C(f2 x [0, T)) satisfies 


L(</>) < 0. 

Then f < max( 0, sup <f>). 

d P (flx(0,T)) 

2.3. The Laplacian inequalities. 

We shall need two standard auxiliary results (see [Yau78j . [Si u87j for a proof). 
Theorem 2.7. Let ivi,u )2 be positive (1,1 )-forms on a complex manifold X. Then 


where tr^ujf) 


n (^j < tr U2 {u i) < n (tr Ul (w 2 )) 

ncv ^ 1 A cj 2 


Theorem 2.8. Let u, uj' be two Kabler forms on a complex manifold X. If the holo- 
morphic bisectional curvature of uj is bounded below by a constant B G M on X , then 


. , , tr^Riciuj) „ . . 

log tr u (uj ) >--— 7 +Btr u '(u), 

where Riciuj') is the form associated to the Ricci curvature of uj' . 

Remark 2.9. Applying Theorem ! 2. 81 for uj = dd c \z\ 2 and uj' = dd c u, we have 


^V^(logAu)^ > 


A log det(u a ^) 
A u 
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2.4. Construction of subsolutions. 

We give a first construction which will be used in the proof of Theorem 11.11 First we 
need a notion of subsolution weaker than the one in Definition 12.11 

Definition 2.10. We say that a function u G C°°(f2 x [0, T)) is a subsolution of the 
equation (0) if 

u < logdet(u^) + f(t,z,u). 

We will construct subsolutions of ([7]) in order to prove some estimates on the boundary. 

Let p G SPSH(Ct) D be a function which defines D. We also assume that 

inf p = —1. Let ( G C 00 ^) such that 0 < ( < 1, CI[o,i] = 1 an d Cl[ 2 , 00 ) = 0. 

Let ip and u 0 be as in Theorem 11.11 For any m > 0, we denote the function <p m G 
C°°(Q x [0, T)) by the formula 

(p m = (p- Osc(u 0 ) • ((mt). 

Then there exists M m > 0 depending on p, T, C u , C v , Cf such that the function u m = 
ip m + M m p satisfies 

u m < logdet (u m ) a p + f(t, z,u m ) on Q x (0, T), 
dd c (u m ) > dd c \z\ 2 on D x [0, T). 

Then u m is a subsolution of (J7J). Moreover, 

U m \dp(nx(0,T)) < M|a P (Qx(0,T)), 

MmlaOx(^-,T) = p\dnx(2-,T)- 

By the maximum principle, we have 

u m < n on x (0, T). 

In the next two sections, we will prove Theorem 11.11 For convenience, we define an 
operator L on C°°(f2 x (0, T)) by the formula 

(15) L(<f>) = 0 - u a ^(j) a p - f u (t , z, u)</>, 

where u is the function in Theorem 11.11 and (u a h) is the transpose of inverse matrix of 
Hessian matrix (u a p). 


3. Order 1 a priori estimates 

In this section, we will estimate u, ii and |Vu|. 

Clearly, 


Then 


U\ < u < SU P on Q x (0, T ). 

aox(o,T) 


—Mi — 2 sup \ip\ — C u < u(z, t ) < sup <p, 

anx(o ,t) 

where Mi is the constant defined in 12.41 Let C\ = M\ + 2+ C u , 


( 16 ) 


sup |w| < Ci. 


we obtain 
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3.1. Bounds on u. 

Proposition 3.1. There exists C 2 > 0 depending only on T,Cf,C\ such that 


t\ii\ < C 2 on 12 x ( 0 , T). 

Proof. Take L as in (1151) . then 

L(tu — u) = til — t u a,3 u a p + n — (tii — u)f u (t, z, u ). 
By equation we have 

til = t u aP u a $ + t.ft(t, z, u) +tu.f u (t,z,u). 


Then 

— C 2 < L(tu — u) — n + t.f t (t , z, u ) + u.f u (t, z, u ) < C 2 , 
where C' 2 = n + Cf(T + Cf) > 0. 

Since L(tu — u — C 2 t ) < 0 and L(tu — u + C 2 t) > 0, by the maximum principle, 
obtain 

tii — u — C 2 t < sup (tii — u — C 2 t) < (Cp + C 2 )T + C \, 

<9 P (Qx(0,T)) 

tii — u + C 2 t > inf (iw — u + C 2 t) > — (CL + C 2 )T — C\. 

5 P (Qx(0,T)) V 


Thus t\u\ < C 2 on 12 x (0, T), where C 2 = (C^ + 2C 2 )T + 2Ci. 


we 


□ 


3.2. Gradient estimates. 


Proposition 3.2. Let m > Then there exists C 3 = C 3 (Pl, M m , C^) > 0 such that 


|V«|<C 3 on dSlx(±T). 

Proof. Let h G C°°(12 x [0, T)) be a spatial harmonic function (i.e. harmonic with 
respect to z) satisfying 


h = ip on <912 x [0, T). 

Then taking u m as 12.41 , we have 

u m <u<honPlx (£,T), 

Mm = u = h = p on <912 x (£, T). 

Hence 

|V(u-uJI < |V(/i — u m )\ on <912 x (£,T). 

Thus 

|V«| < |V«J + |V(ft -«J| < C 3 on Bit x (£,T), 
where C 3 > 0 depends only on 12, C^, M m . 


□ 


Proposition 3.3. Assume that m,C 3 satisfy Proposition 13.21 and -^ < e < T. Then 
there exists C 4 = 64 ( 12 , m, e, T, C/, Ci, C' 2 , C3) > 0 swc/i that 
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|Vm| < C 4 on O x (e, T). 

Proof. We will use the technique of Blocki as in [ Blo08j . I 11 this proof only, we denote 



7 (u) = Au- Bu 2 where A = —B = —^ 2 , 


1 


^ 4(diarnO ) 2 ’ 

0 = log I Vu | 2 + 7 (u) + g(t) + rj\z\ 2 , 


and we assume that 0 £ O. 

Let e < T' < T, we will prove that 

sup 0 < C 4 , 

Qx(-.T') 

v m ’ ' 

where C 4 depends on C\, C 2 , C 3 , m, T, Cf. 

Notice that the hypotheses and previous bounds on \u\ imply that, for t £ (—, T 7 ), 

(17) exp0(z,f) < |Vu(^,f)| 2 (t——) n exp ( max 7 ( 11 ) + rymax \z\ ) < C|Vu| 2 , 

m \nx(£,T') o y 

and in a similar way 



By an orthogonal change of coordinates, we can assume that (u a p(zo, t 0 )) is diagonal. 
For convenience, we denote u a a(z 0 ,t 0 ) = A a . 

We also denote by L the operator 



If | Vu| 2 (£ 0 , t 0 ) < C, by (ED, we are done. In particular, if z 0 £ dQ, we know that 
|Vm(z, i)| is bounded. So we may restrict attention to the case where |Vw| 2 (z 0 , i 0 ) > 1 



We compute 


£(0) = £(log|Vw| 2 ) + Y(u).ii + g'(t) ~y(u)^2u a ^u a p 
—y'(u) u a Pu a Up — rj u aa 

= £(log I Vu| 2 ) + y( u).(u - n) + g'(t) 

— 7 "(u) u a Pu a Up — rjjf u aa . 
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When Vn| 7^ 0, we have 


n |Y7 |2 , |V«|^ |V«|»|V«| 

(log I= 


2 | Y7„, |2 

/3 


|Vu| : 


|v«|< 


(\7u a p,X7u) (Vu, V'u^) (Vu a ,Vup) 


+ 


|V-u| 2 |Vm | 2 

{Vup, S/Ua) |V<|V«|| 


+ 


|Vu| 5 


|Vm| : 


|Vu| 4 


/C(log |Vti| 2 ) = Vn ) ~ Y.(V' a ^u a p, Vu) + (Vu, Vit) - ^2(Vu,u fis Vupa) 


| Vu| : 


a g (Vw Q , Vu 7 ) + (Vn^, Vug) 


|Vw| : 


+ E' u 


We have, by ([TJ), 

£(log|Vw| 2 )| ( * 0 ,t o) = 2Re ( ^l f) ) + 2/ u (t,z,u)|Vu| 2 -E 


E 


| Vw| 2 

a ^(NWk 

| Vu| 4 

|V'«fc | 2 + |Vuj ;| 2 


\ |Vu| 2 

(|v^l 2 M|v^l 2 k- 

A fc |Vu| 4 


Afc| Vtt| s 


< 2|V/1 (|V^| 2 ) fc (|V^l 2 )fe 

- | Vu| ^ AfclVn| 4 • 

Hence, there exists C A = C A (m, C\, C 2 , Cf) such that 

r /.xi / r ’ . ,/,n „/ nv-I^-I 2 v- 1 , v- (l V «| 2 )fc(l Vu | 2 )fc 

W) I (*,,*>) <C A + g(t)~ 7 (m)E-t- ? ?Et- + E- 7 [V7 14 -■ 

Afc Afc Afc| V U\ 

By the condition -§^{zo,to) = 0, we have 

(|Vu| 2 ) fc (|Vu| 2 )^ 

| Vu| 4 

where (z,t) = (. z 0 ,t 0 ). 

Then 

0 < £MU,«„) <C[ + g'(t) + (2(Y(«)) 2 - 7"(«)) E ^ ? E f 

< c;+«,-(()-“(E t^+eT 

Afc Afc 

fj 

where a := min{2B — [A + BCi), —}. Hence, at (z 0 j£o) 


= | 7 '(«H + 77^| 2 < 2( 7 '(u))V| 2 + 2 7 2 |^| 2 < 2( 7 '(u)) 2 |u fc | 2 + 


(18) 




Moreover, by Proposition 13.11 and by (TT6j) . there exists C A = C A (m,Ci,C 2 ) such that 
(19) A 1 A 2 ...A n = det(w ttj g) = e*-* t ’ je ’ u > < C" A . 


to |-3 
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By (SEP and (1T9|) . there exists Cf± = C"(a, C' A , C±) such that 

A k = n Aj n T < ( C 4 + fi ,, ( t o )) n_1 for k = 1 , n. 

i^k M 

|Vn | 2 = EKI 2 <((^' + ^o)) n for (z,t) = (z 0 ,t 0 ). 

Then 

<i>(zo,to) < nlog(Cl' + g'(t 0 )) + g{t 0 ) + 7 ( 11 ( 20 , t 0 )) +hl +)| 2 

< n log(C'^' (to - J;) + n) + 7 ( 11 ( 20 , t 0 )) + hl +)| 2 

< CV 

For z E Cl, — < e < t < T', we have 

log | Vm | 2 < C 4 - 7 (u) - 77 I 2 I 2 - flr(i) < 2 logC 4 , 
where C 4 > 0 depends on hi, m, e, T, C/, Ci, C 2 , C3. □ 

4. Higher order estimates 

In this section, we prove that the second derivatives of u are bounded on dCl x (e, T). 
Then we use the maximum principle to show that the Laplacian of u is bounded on 
H x (e, T ). For convenience, we denote u := u m , M := M m , where ^- < e < 2 and 
u m , M m are defined as in 12.41 


4.1. Localisation technique. 

In order to show that the second derivatives of u are bounded on dCl x (e, T ), we use 
a barrier function. The key to the construction is the following: 

Lemma 4.1. We set 

v = (u — u) + a(h — u) — Nd 2 , 

where d is the distance from dCl, h is defined as in the proof of Proposition UTB and a, N 
are positive constants to be determined. Let e G (0, T). Then there exist a,N,S > 0 
depending only on H, e, T, C u , C v , Cf such that 

L(v)>\{l + Y,u ali ) on Us x (e, T), 

v > 0 on Us x (e, T), 
where U$ — {z G O : d(z) < 5} . 

Proof. The elliptic version of this lemma was proved by [ Gua98 ] (page 5-7). The same 
arguments can be applied for the parabolic case. For the reader’s convenience, we recall 
the arguments here. 

We have 

L(v) = ^ u aP (h a p-u a p) + 2N ^ u a P(dd a p+d a dp)-f u (t, 2, u)v. 
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Fix 5 > 0 satisfying d G C°°(Ug). Assume that 0 < a < 1 and 0 < 5 < 5 and 
0 < N < j:. Then there exists C 5 > 0 depending on <5, e, T, C v , Cf, M, Ci, C 2 such 
that 


v - n - f u (t,z,u)v > -C 5 , 

-a E ~ u a p) > E 

2NdY J u af3 d afj > -C b N5J2 u a *, 

where (z,t) EU$x (e, T). 

Then 

L{v) > -C 5 -C 5 {a + N5 ) ]T / 5 + 2N ^ u a? d a d p , 

where (z,t) G Ug x (e,T). 

When a + AA < Wy, we obtain 

A(u) > ^ ~ ^ + 2A 

where (A, t) G Us x (e,T). 

Let Ai < A 2 < ... < A n be the eigenvalues of {m^}. We have 

E u a ^d a dp > A " 1 E d a da > ~y on C / 5 x (e, T). 

By the inequality for arithmetic and geometric means 

^E«““ + ^A ” 1 > n(i)( n - 1 )/"W 1 / n (A 1 ...A r) ,)- 1 / n > C^ATA 

where Ce > 0 depends on e, T, C/, Ci, C 2 . 

When A > we have 

L(v) > |(2 + £ «“). 

Next, since Aw > n, there exists C 7 > 0 depending only on hi such that 


(h — u) > C'jd on hi x (e, T). 


Fix 0 < a, S < 1, N > 0 so that 


N > 


a < 


C5 + 1 


scy 

0 < 5 < 5; 


• min{aCy, a} > N5. 

We obtain 

L{v) > |(1 + E u “ a ) 011 U s x(e,T), 
v > 0 on Ug x (e, T). 
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□ 


4.2. C 2 -a priori estimates on the boundary. 

Lemma 4.2. Let e G (0, T ). Then there exists c e > 0 depending only on fl, e, T, C u , C^, Cf 
such that 

(dd c u) | T h n > c e (dd c \z\ 2 )\ T h n , 

where Tg n is the holomorphic tangent bundle of dfl. 

We refer the reader to [ CKNS851 pp. 221-223] or |Boulll p. 268-271] for related 
results in the elliptic case. 


Proof. Fix p G dfl . By an affine change of coordinates, we can assume that p — 0 and 
there exists a neighbourhood U of p such that 


QnU = {z eU : x n > Re( ^ ajk z jZ k + ^ a jk ZjZ k ) + 0(|z| 3 )}, 

1 1 <j<k<n 

where aj k , a jk G C with an > 0. 

By a holomorphic change of coordinates, we can assume that 


(20) Ll P\ U = {z £ U \ x n > Re{ aj k ZjZ k ) + 0(|z| 3 )}, 


where Oj k with ap > 0. 

We need to show that 

un(p,t) > C e , 

where t G (e, T) and C t > 0 depends on fl, e, T, C u , Cf. 

Step 1: Choice of a Kahler potential. 

We construct a function r G C' 00 (h2 r x (e, T )) depending on u, e, T, hi so that dd c r = 
and t(Pj t) = 0 and 


(dnn B r )x(e,T) 


= Re 



+ 0 


^ 2| 2 + 


+ kn| 2 ) , 


where r > 0, B r = B r (p ), Q r = Q D B r and Cj G C°°([e, T), C). 
Indeed, by Taylor’s formula, 


dd c u 


u(z,t) - u(p, t) = Re(Jf bjZj ) + Re(Jf WjZiZj) + £»n|^i | 2 + Re{Jf b lj z 1 z j ) 

+0(|^2| 2 + ••• + \ z n\ 2 ) + 0(M 3 ), 

where bj^bij^by G C°°([e, T), C), &n — Hii(pR) > 0. 

Furthermore, near p on dfl, we have by 

n 

(21) x n = Re (y ^ aijZ\Zj) + an|zi| 2 + O(|^ 2 1 2 + ••• + |z n | 2 ) + 0(|z| 3 ), 

j =2 

where a-pj G C with an > 0. 

Define 

n 1 n 

t{z , t ) = ufz , t) — u(p, t ) — h i Z i ) - &ijZi*j); 
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then dd c r = dd c u and r(p, t) — 0 and 


T \(dnnB r )x(e,T) 


Re c i ZlZ i 


d =2 


+ 0(\z 2 \ 2 + ... + | z n | 2 ) + {terms of order > 3}. 


Moreover, for 2 G <9fi, we have 
• For j = 2,..., n 


( 22 ) |z i |V|=0(|z2r + - + W 2 ); 

• By (EU) 

n n 

N 4 = o(xl) + o(E N 2 N 2 ) + o(M 6 ) + o((E N 2 ) 2 ) 

= 0 (|z 2 | 2 + ...+% n | 2 ) + 0 (|z| 6 ); 

then 

(23) M 4 = 0(M 2 + ... + |^| 2 ); 

• For j = 2,..., n 

(24) M 2 N = 0(|^| 4 ) + 0(\zj\ 2 ) = 0(|, 2 | 2 + ... + |z n | 2 ). 
Hence 


' r l(anns r .)x(e,T) = Re(J2 Cj Z\ Zj ) + E a 3 X \y'l 1 + °(\ Z 2 \ 2 + ••• + \ z n\ 2 ) 

3=2 

n 

= Re{J2 c j z i z j) + Re(aizf) + Re(a 2 Zi\zi\ 2 ) + 0(\z 2 \ 2 + .. 
3 =2 

where ai,a 2 G C°°([e, T), C) . 

Next, by (OTT) . (122jh (1241) . for z G dfl, we have 

i?e(a 2 ^i|^i| 2 ) = Re(—z 1 x n ) + 0(\z 2 \ 2 + ... + \z n \ 2 ) 

ai1 - , ^ 

= Re(coZiz n ) + Re^coZxZn) + 0(\z 2 \ 2 + ... + \z n \ 2 ). 

Replacing the term c n by c n — c 0 , we obtain 


+ pn| ), 


r l(aons r )x(e,T) = Re E + Re(aizf) + i?e(c 0 ^i^ n ) + 0(\z 2 \ 2 + 

V= 2 / 

Replacing r by r + i?e(ai^) + Re(coZiz n ), we obtain 


• - 4“ Hn 


Therefore, 


^1(900 B r )x(e,T) 


0=2 


+ 0(|^ 2 | 2 + ••• + | Zn | 2 ) - 


( n \ n 

^ CjZiZj j + a 3 (\z 2 \ 2 + ... + | z n | 2 ), sup E \cj\ < a 4 , 

J=2 / j=2 

where a 3 , a 4 > 0 depend on Q,e,T, M, C v . 

The conditions dd c r = dd c u and r(p, t) = 0 are still satisfied. 
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Step 2: Choice of a barrier function. 

Recall that fl B r . We construct a function 

1 n 

(26) b(z,t) = —e\x n + e 2 \z\ 2 + — ^ \cjZi + pzj | 2 

^ j =2 

such that b > r + u — u on x (e, T), where r > 0 depends only on hi and e l7 e 2 , fi > 0 
depend on hi, e, T, M, C v , Cf. 

Note that 

1 n 

\zi\ 2 < — (x n - Re(J2 aijZiZj)) + 0(\z 2 \ 2 + ... + \z n \ 2 ) + 0(|^| 3 ) on Q. 

a ll j =2 

Since for r 0 small enough and z G r2 ro ,we have z —* 0 as |^ 2 1 2 + ••• + \z n \ 2 —■> 0, if we fix 
r > 0 small enough, then there exists ry > 0 such that 

\z 2 \ 2 + ... + \z n \ 2 > ry for z G dB r D hi. 

Assume that 0 < e±, e 2 < 1. Then there exists pi > 0 depending on hi, M, C v , C 1 , a 3 , a 4 , r 1 
such that the function b in verifies 

(IT\ 

b\(dB r ( P )nn)x[e,T) > -z- + c j z i^j) ~ e ix n + e 2 |^| 2 

2 j =2 

> pp + Re(J2 CjZiZj) - ei x n + e 2 |z| 2 

1 3= 2 

> (r + u — u]\(dB r (p)nn)x[e,T) 

when )jl > Hi. 

There exists r 2 > 0 such that, when z G dfl, 

n 

x n = Re(y^ j aijZiZj) + O(|^ 2 1 2 + ••• + \z n \ 2 ) + 0(|z| 3 ) < r 2 \z\ 2 . 

3= 1 

Assume that 0 < r 2 e 1 < e 2 . For // > 2a 3 , by f[25]h we have 

1 n ^ 

h\(dflnB r (p))x[e,T) A X - \ C j Zl + hx?l 

3= 2 

— R e (Yl C j z l Z j) + 77 (|^ 21 2 + ••• + \ z n \ 2 ) 

J =2 ^ 

> T|(anns I .(p)) x [£,T) 

> (r + U — n)|(aQns r (p))x[e,T). 

Fix pL > max(/ii, 2a 3 ), we get 

b\ dp(n r x{e,T)) > {t + u — u) |ao r x[e,T). 

Next, by Proposition 13.11 .there exists r 3 > 0 such that 

(. dd c {r -u- u)) n = ( dd c u) n = > r 3 on Q r x [e, T). 
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On the other hand 

n 

(dd c (^2 \ c j z i + P z j\ 2 )) n — 0) 

3 =2 

so ( dd c b) n = 0 (e 2 ) on O r x [e, T). 

Hence, there exists 62 > 0 depending on p, 0 ,a 4 ,r 3 such that 

(< dd c b) n < ( dd c (r + u — u)) n on O r x [e, T). 

When b\ d a r x[e,T) > (t + u - u)\ d Q rX [ etT ) and ( dd c b) n < (dcf(r + u - u)) n on O r x [e,T), 
it follows from the comparison theorem (for the bounded plurisubharmonic functions) 
that 

b > (r + u — u) on O r x [e, T ). 

Step 3: Conclusion. 

We have, since b(p, t ) = r(p, t ) + u(p, t ) — u(p, t ) = 0, 

— e i = b Xn (p, t) > r Xn (p, t) + (u- u) Xn (p, t ). 

Then, since (u - u)|an x (e,T) = 0, 

(« -M)n(p,t) = -(« ~ u)x n (p,t)pu(p), 

and by the explicit choice of r, —T Xn (p,t)pii(p) = H l(p,t), so 
“11 (p,t) = (th + Uu -Uu)(p,t) = - (■ T Xn (p,t ) + (w - «)*„(?, *))pn(p) > OPil(p)- 

□ 


Proposition 4.3. There exists D\ = Di(Tl, e, T, C u , Cf) such that 

\D 2 u\ < D\ on 80. x (e,T). 

Proof. Fix p G 90. We can choose complex coordinates (zj)i<j< n so that p — 0 and 
the positive x n axis is the interior normal direction of 90 at p. We set for convenience 

S 1 2/l , S 2 3?1, ..., S2n— 1 Vni $2n ^ni S (^1, •••, S2n— l)- 

We also assume that near p, 90 is represented as a graph 

x n = P(s') = 52 p jkSjS k + 0(|s'| 3 ). 

j,k<2n 

Step 1: Bounding the tangent-tangent derivatives. 

Since (u — u)(s ', P(s'), t) = 0, we have for j, k < 2 n, 0 < t <T : 

(u - u) SjSk (p , t) = -{u - u) Xn (p , t)iV 

By Proposition 13.21 we obtain 

\u SjSk (p,t)\ < D[, 

where D\ > 0 depends only on O, C v , M. 

Step 2: Bounding the normal-tangent derivatives. 
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Define 


T =_|- P. _ 

J dsj Sj dx n 

Again, denote fls = Bs(p) D D. With v as in Lemma [4.21 we construct the functions 
v>± = Av + B\z\ 2 -(t- f ){u yn - u y J 2 ±(t- I)Tj(u - u), 

such that 

L{i>±) > 0 on 0 5 x(|,T), 

V>± > 0 on x (f, T ), 

where A, 5 > 0 depend on D, C v , Cf, e, T, M. 

We compute 

L (“Kn -^„) 2 ) = * 20 L ( u v» - u yn ) ~ fu(t } z,u)(u yn -u y J 2 

+2 E U a ~P(u yn - - MjJp 

and 

L(±Tj(u - u)) = ±L(u Sj - u s .) ± P Sj L(u Xn - u x J 

Tk - «*„) E U a P(P Sj )a0 

LEk (K„ -U a J«(- P *i)|8 + (w*n -«*„)^(-P Sj -)a) ■ 

By equation for k — 1, 2,2n 

^K h -24.J = fa k (t,Z,u) ~U Sk +J2 ua ^(Us k )ap + Us k fu(t,Z,u). 

Hence 

L (~K„ - A y J 2 ± E( M - “)) 

> -C 8 (l + E «“ a ) + 2 E - « y JaK„ - 
=F E ((«*« - 3^„)a(-P« i ) j 8 + («*, - lO/sC^iW > 


where Cg > 0 depend on e, Ci, C 2 , C' 3 , M , C ^ C/, p, P. 

On the other hand 

n n 

E u ap u Xna = 25p n - i E u ap u, 

a= 1 <*=1 


E u“V nj 8 = 2 En + i E 

/3=1 /3=1 

en 

L (“K„ - A y J 2 ± Tj(u - u)) 

> -C 9 (l + E «““) + 2 E U a P{Uy n - UyJa(Uy n ~ U y J 0 
LE«^' ((% - Uy n )a{-iP Sj )p + K„ - UyJpiiPsJa) 
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where Cg > 0 depend on e, C\ , C 2 , C 3 , M, C v , Cf, p, P. 

By the Cauchy-Schwarz inequality, 

2 Y, U aP {Uy n - Uy n ) a {Uy n ~ U y J$ T ^ ^ ^ ^ ) <* (') 0 

> ±£u°^ (( Uy n -Uy n )a(-iP Sj )p + (■ Uy n - Uy n )p(iP Sj )a )• 

Then 

£(-(%„ - sj 2 ± Tj(u - u)) > —C,„(l + «“ a ), 

where Cio > 0 depends on fi, C^, Cf, e, T, M. 

Hence, by Lemma [4.21 we can choose H, H > 0 independent of u so that 

L(ip±) > 0 on H <5 x (e, T), 
ip z t > 0 on dp(Qs x (e, T)). 

By the maximum principle, we obtain if± > 0 on X (|, T). 

Note that ip±(p,t) = 0 for f G (| ,T). 

Hence, 

lim ll>±(P+(0,---,Xn),t) ~ll>±(p,t) > 

2' n '\*0 ^7?, 

thus 

Ki*»(P>f)l < D ll 

where t G (e, T) and D"! > 0 depend only on fi, C v , Cf, e, T, C u . 
b'tep 3:Bounding the normal-normal derivatives. 

We have that 

det(w^) = 

is bounded from above and below on dPt x (e, T). 

By step 1 and step 2, \u Zn z n det(u a( g) Qi/ 3 < n _i| is bounded on {p} x (e, T). 
Hence, by Lemma 14.21 , we obtain 


\u Zn z n (p,t )| < D™ , t G (e,T), 

where depends on D, C^, Cf, e, T, C u . 

Consequently 


I I _//// 

I'U'XnXn I — -^1 ? 

where .D, depends on f2, C v , Cf, e, T, C u . 


4.3. Interior estimate of the Laplacian. 

Proposition 4.4. There exists D 2 = D 2 (D,e,T,C ip ,Cf,C u ) such that 


Au < Do on x (e,T). 


Proof. We set 

<j) — (t — e) log A u + H 1 |;j:| 2 — A 2 t, 
where A 1? A 2 > 0 will be specified later. 

We have 
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A 77 _ - 

L{4>) = log Am + (t - e)— - A 2 - {t - e) ]>>Alog A u) a p 
-A 1 J2u adl - <f>f u (t,z,u). 

By Theorem 12.71 

log Am < log n + logdet(M a ^) + (n — 1) log(^u Qa ). 

By Theorem 12.81 

V- aBn A ^ Alogdet(M^) 

— -E« e (logA«)^ -^- 


Am 


Af{t,z,u) 

Am 

A Z f(t,z,u) 


E 


Am 

f uu (t,Z,U)U 2 s 

Am 


+ fu(t,z,u ) + £ 


fusj u)u s 
Am 


Hence, there exist 7^, H 2 >0 depending on fi, e, T, C^, (7/, such that 


L(</>) < 0 on x (e, T). 

Thus, by the maximum principle and Proposition 14.31 

(t — e) log Am < D' 2 on x (e, T), 

where D' 2 depends on fi, e, T, Cf, C u . 

Therefore, 

Am < on x (2e, T). 


□ 


5. C 2 ’ a ESTIMATE UP TO THE BOUNDARY FOR THE PARABOLIC EQUATION 

5.1. Parabolic Holder spaces. 

The reader can find more complete notations in |Lieb961 Chapter 4] or |Kryl96[ 
Chapter 8]. 

In KA x K. we define the parabolic distance between the points X\ = (xi,fi), X 2 = 
(x 2 ,t 2 ) as 

d(X i, X 2 ) = \xi — x 2 \ + |fi — t 2 ^ 2 . 

Let 0 < a < 1. Let u be a function defined in a domain Q C ~R N x R. We say that u 
is uniformly Holder continuous in Q with exponent a, or m 6 C a (Q), if and only if 

\u(X 1 )-u(X 2 )\ 

Xj gQ,x^ x 2 d a (Ad, Ad) 


[u\ a -Q 

Let 0 < (3 < 2. We denote 


< oo. 
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( u )h;Q 


sup 

(x,ti)j£(x,t 2 )eQ 


\u(x,ti) - u(x,t 2 )\ 

In -nr 2 


We say that u is uniformly Holder continuous in Q with exponent k + a, or u G C k,a (Q) 
if the derivatives Di x D l t u exist for \j\ + 21 < k and the norm 

IMI= E SU P \ D^ x D l t u\ + [D j x D\u] a .,Q + E { D i D \ U )a+l;Q 

\j\+2l<k Q \j\+2l=k \j\+2l=k-l 

is finite. 

The norm ||.||crfc,a(Q) makes C k,a (Q ) a Banach space. If we define the similar notions 
for Q, then C k ’ a (Q) = C k ’ a (Q). 


5.2. C 2, “ estimate up to the boundary. 

Let be a bounded smooth domain of M. N . We consider the equation 
(27) u = F(D 2 u ) + f(t, x , u) in hi x (0, T), 

where T > 0, / is a smooth function defined on [0, T) x x M and F is a smooth 
concave function defined on the set of all real N x N matrices. In addition, we assume 
that there exist 0 < A < A < oo such that 


(28) A tr ?7 < F(r + rj) — F(r) < A tr rj 

for any symmetric matrix r, any positive de fini te matrix r/. 

We will establish C 2,a estimates for the solution of (1271) on 0 x (e, T ) for any 0 < e < 
T < T without C 2,a conditions on H x {0}. The main result of this section is the 
following: 


Theorem 5.1. Let F be concave and smooth satisfying (1251) . Let f be a smooth 
function in [0, T) x x M and (p be a smooth function in LI x [0,T). Assume that 
u G C 2 ' l {pt x [0, T)) D C°°(fl x (0, T)) is a solution of 


(29) 


u = F(D 2 u) + f(t, x, u) in LI x (0, T), 
u = ip on dLl x (0, T), 


and that 

|u| + \u\ + |Vu| + \D 2 u\ < C, 
then u G C 2,a {Ll x (0,T)) satisfies 


(30) 


«||c 2 ’ a (f!x(e,T)) < C 6i t V0 < e < T <T, 


where 0 < a < 1, C' £ t>0 depend on A, A ,Ll,C,e,T and the upper bound of ||<^||c 4 + 

\\F\\ci + \\f\\c*. 


Remark 5.2. In the theorem above, we denote 

IMIc*(nx(o,f)) = ^2 SU P_ \DlD l M, 

\j\+2l<k Qx (°’ T ) 


11 11 C k (Mat.(Nx N,M)) = E sup \D j F\, 
\j\<k 
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H/llc fc ((0,T)xf2xR)) = E SU P \D}'D*D*f\. 

jl + |j2|+J3<fc 


In order to prove Theorem 15.11 we use the technique of Caffarelli as in |CC95j . We 
need to prove a series of lemmas. 


Lemma 5.3. There exist 0 < /3 < 1 and C^t > 0 depending on A, A, fi, C, e, T and the 
upper bound of ||<^||c 4 + ll-^llc 1 + ll/llc 1 suc h that 

II D 2 u(x,t) - D 2 u(x 0 ,t 0 )\\ 


< C e ,T, 


\/x,x 0 g dfl]\/t,t 0 G (e,T). 


(|x - x 0 \ + |t - t 0 | 1/2 )^ 

Proof. Let xq G dPl. We consider a smooth diffeomorphism 

if :U HQ —> Bf {y G R N : \y\ < 4 ,y N > 0} 
x (->• y — if(x) 


such that ip(x o) = 0 and 

4>(U n dn) = r 4 = {y= (y 1 , y N ) G M^" 1 x R : \y’\ < 4, y N = 0}, 

where U is a neighborhood of Xq. 

We define 


v(y,t)=u(il> 1 (y),t) - (pi'if 1 (y),t), 

where y G Bf |J T 4 , t G (e, T). Then n|r 4 x(e,T) = 0 and v satisfies the equation 
(31) v = G(t , y, v, Dv, D 2 v ) 

where the upper bound of HGHc 1 depends on ||F|| ch ll/llc? 1 and if. Moreover,there 
exists A > 1 depending on if (hence, A depends only on Q) such that 

for all £ G R N . 

Now we only need to show 

I \D 2 v(y,t) - D 2 v(0, t 0 )|| < C e>T (\y\ + 1 1- tol 172 )^ 

for any yeT u t,t 0 e (e,T). 

By the implicit function theorem, we have 

v N n = H(t, y, v, v, Dv, (%)j<w)- 

By the chain rule, we have 

\DH\ < ^-(sup \DG\ + 1). 

A 

Hence, there exists B > 0 such that 

\vnn{vA) ~ v NN (0,to)\ < B (sup | Vij(y,t) - %(0,i o )| + | v(y,t) - v(0,t o )\ 

j<N 

+ 1 Dv{y,t) - Dv(0,t o )\ + \y\ + \t - t 0 |)- 
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Note that h|r 4 x(e,x) = ^|r 4 x(e,T) = %|r 4 x(e,T) = 0 for j < N. Then we only need to 
show 

(32) | v N (y,t) - v N (0,t o )\ < C etT (\y\ + \t- t 0 \ 1/2 )fi 

(33) \vNk(y, t) — VNk(0, to) | < C e! r(\y\ + 1 1 — t 0 \^r, 

for any y G Ti, t, t 0 G (e, T) and k < N. 

By ((3U), we have 


(34) v = A v + ffit,y), 

where A is the Laplacian operator and fi(t,y) = G(tjy,v,Dv,D 2 v ) — Av. By the 
hypothesis of theorem, is bounded by a universal constant. 

Now we take the derivative of equation (T3T1) in the direction y k and get that 


(35) 

where 

f2(t,y) 


Vk 


N 

'y 1 ( V k)ij 
ij =1 


d G 
dGj 


(t,y,v,Dv,D 2 v) + f 2 (t,y), 


N 


dG dG ^ qq 

(t,y,v,Dv,D 2 v) + v k —(t,y,v,Dv,D 2 v) + $ ^vi k — (t,y,v,Dv,D 2 v ). 


dyk 


i=i 


dqi 


Then ||/ 2 ||l°° is bounded by a universal constant. 
Then |Lieb961 Lemma 7.32] states that 


Lemma 5.4. If u G C 2;l (Bf x (0, T)) satisfies 

\ii a ij u -/j A -41 . 

|w| < A 2 x n , 

where aij G C(Bfi x (0 ,T)) is such that 

sup | a tJ | < B and 

Aier<E^<Aier, 

then there are positive constants fi and C determined only by Ai, A 2 , B, A, A, e, T, N 
such that 

, U ■ C U \ ^ I U . U 

( sup-lilt -) < L it' sup-lilt-b 1 

U(y,t,R) x N U(y,R) Xn \B+x(0,T) Xn B+x(0,T)Xn 

where y G Bf, 2e < t < T — 2e, R < e and U(y , t, R ) = B^(y) x (t — R 2 , t + R 2 ). 



Applying this lemma to the equations (j31D and (1551) . we obtain (1521) and (1551) . □ 


Corollary 5.5. There exists C e> t > 0 depending on A, A, LI, C, e, T and the upper bound 
°f IMIc 4 + ll^llci + ll/llci such that 


I u{x,t) - u(x 0 ,t 0 )I 


A C e> T, 


{\x - x Q \ + \t - t 0 fRy 
where 0 < fi < 1 is the constant in Lemma HOl 


\/x,x 0 G <9L2;Vf, t 0 G (e, T). 
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Lemma 5.6. There exists C €) t > 0 depending on A,A,fi,C, e,T and the upper bound 
°f IMIc4 + \\F\\ c i + H/llci such that 


I u(x,t) - u(x 0 ,t 0 )\ 


(\x-x 0 \ + \t-t 0 \^)h/2 

where 0 < (3 < 1 is the constant in Lemma HOl 
Proof. By equation (}29|) . we have 


< Vt g 0, xq G <9fl; Vt, to ^ (e, r). 


(36) 


OF 


\u - «ij| = a:, it) + u/ lt (t,ic,u)| < A, 


where A > 0 is a universal constant. 

Let x 0 G <90 and t 0 G (2e, T). We can choose coordinates 0o)i<7<iv so that xq = 0 and 
the positive x n axis is the interior normal direction of <90 at x 0 . We also assume that 
near xo, <90 is represented as a graph 

x N = P(x') = PjkXjXk + 0(|x'| 3 ), 

j,k<N 

where x' = (x \,..., Xn-i)- 

Let Q(x') = P(x') — \x'\ 2 . We consider 

v = Ki(x n - Q(x')f /2 + K 2 ({x n - Q(x')) 2 + (t 0 - t)) p,i . 

We have 

d 2 {x N - Q{x')f/ 2 _ /3(/5 — 2),_ ^./wB/ 2 — 2 ~ Q(x')) d(x N - Q(x')) 


d Xl d Xi 4 < x »-Qwy / *- dXi 

and 

d 2 ((x N - Q(x')) 2 + t 0 - t)^/ 4 


dxi 


- 4) 


dxidxj 


((x N - Q(x')) 2 + to - t)^ 4 2 (x n - Q(x')) 


2 a(xjv - Q(x')) d(x N - Q(x')) 


dxi 


dx; 


+ f (( *»-gw**, 

Hence, there exists R > 0 satisfying, by F rn > A, 

N 

(37) 


E < w-2) (xn _ QMr _ 2 < 0 _ 


u-i Sr « 


dxidxj 


6 


and 

(38) 


E dF S^xn - QWf + «o - <) W = 0(xjf _ Q{x ')f/^ 

i.i-1 dr,i 


dxiXj 


On the other hand, 
(39) | u 


-u(0,t 0 )| |a P ((nnB fl )x( e ,to)) = 0(((x N - Q(x')) 2 + t 0 -t) /3/4 ). 
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By (1361) . (J37J), (138]) . (139]) . there exists K i, K 2 > 0 such that 


^|3p((HnS J j)x(e,to)) ^ i(u h(0, to)) |5p((OnBii)x(e,to))) 

, , v- dF , Ki\/3(/3 - 2) 

(±u - v) - E -fr7S ±u H ~ %) < A +- g -< °- 

The comparison principle of parabolic type f |Fried83| i states that 


Lemma 5.7. Let 9 be a bounded domain of M. N and T > 0. Let u,v E C 2;1 (9 x 
(0,T])nC(fi x [0,T]). Assume that 


d{u — v ) 
dt 



d 2 (u — v) 
lj dxjOxj 


b.{u — v ) < 0, 


where aij,b £ C(9 x (0,T)), (ajj(x, t)) are positive definite symmetric matrices and 
b(z,t) < 0. Then (u — v) < max( 0, sup (u — v)). 

3 P (f2x(0,T)) 


Applying the comparison principle, we have 

(u - w(0,t 0 ))|(nn£!p)x(Mo) < ^|(OnSp)x(e,t 0 )- 
Hence there exists K > 0 such that 

| u(x,t) — u(0,t 0 )| < K(\x\ + \t-t 0 \ l/2 f /2 , 


where x £ 9 x Br and e < t < to- 

Note that R is independent of xo and K is independent of to- Then there exists C^t 
such that 


\u(x,t)-u(x 0 ,t 0 )\ 

(|x-Xo| + |t-t 0 |V2)/3/2 - - 


Vx 6 0,Xo € 99; Vt, t 0 £ (2e, T). 


□ 


Lemma 5.8. There exists C 6} t > 0 depending on A, A, 9, C, e, T and upper bound of 
IMIc* + ||A|| c i + ||/||c* such that 


u^(x, t) - w 5? (x 0 , t 0 ) < T (\x - x 0 | + |t - t 0 \ 1/2 ) p/2 

for any f £ M' v , |£| = 1, x £ 9, x 0 £ 99, e < t, t 0 < T. Where 0 < /3 < 1 is the constant 
in Lemma \5.tA 

Proof. By the equation (129|) . we have 

_^ Qpp _^ Q2p 

arWv - /«■“« = 5Z () r . dr - °( 1 ) 

ij kl 

By Lemma [5.31 we also obtain 

(■U C? (x,t) -M 55 (Xo,t 0 ))|3 p (Qx( e ,T)) = 0(|x — X 0 | + \t - t 0 | 1/2 ) /3/2 ) 


Then, the proof of Lemma T5.81 is similar to the proof of Lemma fS.61 with the same type 
of fuction v. □ 
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Lemma 5.9. There exists C 6} t > 0 depending on A, A, ft, C, e, T and upper bound of 
IMIcu + \\F\\ c i + ||/||c 2 such that 

II D 2 u(x,t) - D‘ 2 u(x 0l to)\\ < C e , T (\x - x 0 | + 1 1- t 0 \ 1/2 Y /2 
for any x G ft, x 0 G <9ft, e < t,t 0 < T, where 0 < /3 < 1 is the constant in Lemma \573. 

Proof. Let Ai, Xn be eigenvalues of D 2 u(x,t ) — D 2 u(x 0 ,t 0 ). We have 

II D 2 u(x,t) - D 2 u(x 0 ,t 0 )\\ < ^ 

Moreover, 

u(x, t ) — fit , x, u(x, t)) = F(D 2 u(x , t)) 

< F(D 2 u(x 0 ,t 0 )) + A £ A, + A £ A, 

Ai>0 Ai<0 _ 

= u(x 0 , t 0 ) - /(to, X 0 , u(x 0 , to)) + A £ Ai + A £ A*. 

Ai>0 Ai<0 

Hence, by Lemma [5.61 . we have 

a ^2 i-m -^^2 w _ A (\ x - x °i +1*- *oi i/2 ) /3/2 , 

Ai>0 Ai<0 

where A > 0 is a universal constant. 

Then 

II D 2 u(x 1 t) ~ D 2 u(xo,to)\\ < —ff— ^2 M + y (\ x ~ x ol + I* - h)| 1/2 )^ /2 - 

Ai>0 

Note that 

/ |Aj| < Amax{ 0 , Ai, ...Aat} < N max{sup (u^(x, t) — u^(x 0 , to)), 0}. 
a“^o l€l =1 

By Lemma [5751 there exists C e> T > 0 depending on A, A, ft, C, e, T and upper bound of 
IMIc 4 + imicu + ll/llc 2 such that 

II D 2 u(x,t) - D 2 u(x 0 , t 0 )|| < C €jT (\x - Xq | + |t - tol 172 )^ 2 
for any x G ft, xo G <9ft, e < t, t 0 < T. 

□ 

Proof of Theorem 15. il We need to show that 

(40) \\D 2 u(x,ti) - D 2 u(y, t 2 )|| < C(\x-y\ + |ti -t 2 | 1/2 ) 7 , 

where x, y G ft, 2e < ti, t 2 < T — e. C and 7 are universal constants. 

We can assume that d x := d(x, <9ft) > d y := d(y, <9ft). 

If |x — y | 2 + |ti — t 2 | < min{^, |}), we denote 

v{£, t) = -^ ( u ( x + F + a 2 t) - u(x, ti)-a^2 u k( x , ti)6;) , 
where a = min{</„, e 1 / 2 }. Then v G C'°°(B x (—1,1)) satishes 
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It follows from the interior estimate (see the theorem 14.7 and the lemma 14.8 of 
|Lieb96j l that 

IM|c 2 ^(B 1/2 x(—l/ 2 ,l/ 2 )) < -4(|M|c 2 (Bx(—1,1)) + 1)> 

where A is universal, 7 = min{a,/3/2}, (3 is the constant in Lemma 15.31 and a is the 
constant in Theorem 14.7 of |Lieb96l| . 

Moreover 

lv c ^ \ u ( x + a £,ti + a 2 t) - u ( x + a£,ti)\ 

HASib) — 2 

a z 

I u(x + af, h) - u(x, ti )-a^2 u k (x, n)£fc| 

+ a 2 

< sup |w| + sup ||.D 2 -u||, 

|b(£, t)\ = 1 ^( 2 ; + a£, ti + a 2 t) | < sup |h|, 

\\D 2 v(^, f)|| = || D 2 u(x + a£,n + a 2 t) || < sup ||.D 2 m||. 

Hence 

IM|cMB 1/2 x(—1/2.1/2)) < B, 

where B is universal. 

Then 

\\D 2 u(x,ti) - D 2 u(y,t 2 )|| < B(\x-y\ + \h -t 2 1 1/2 ) 7 . 

If \x - y | 2 + \ti - t 2 1 > f, then 

\\D 2 u(x,ti) ~ D 2 u(y,t 2 )\\ < 2(^)" 7/2 (sup \\D 2 u\\)(\x -y\ + \h - t 2 1 1/2 ) 7 . 

If | > \x — y\ 2 + \ti — t 2 \ > %, it follows from Lemma 15.91 that 

\\D 2 u(x,ti) ~ D 2 u(y,t 2 )\\ < \\D 2 u(x,ti) ~ D 2 u(x 0 ,ti)\\ + \\D 2 u(x 0 ,t 1 ) - D 2 u(y, t 2 )\\ 

< c e:T (\x - x 0 \p /2 + d^o -y 1 + |n - n| 1/2 )^ /2 ) 

< C(\x -y | + |H - t 2 | 1/2 ) /J/2 

< c(\x — y\ + jn -n | 1/2 ) 7 

where C 6 ,t is the constant in Lemma [5791 xq G dQ satishes d x = \x — xo| and C is 
universal. □ 

5.3. Higher regularity. 

Let g G C fc+1,Q (f2 x [0, T)), where k > 0, 0 < a < 1. Let F be a function defined on 
Mat(N xJV,R)xOx [0,T) such that F(.,x,t ) is concave and satishes (|28|) . Assume 
that F G C k+2,k+1,a (Mat(N xiV,R)xflx |0,T)), i.e., the derivaties D l r D 3 x D l t F are 
continuous for all |i| < k + 2, \j\ + 21 < k + 1 and satisfy 

||F|| C fc+ 2 ; fc+i, a ( Mat ( J vxAr,R)xf2x[0,T)) = / . SU P \B l r F(r, .)\ C k+i, a ^ x ^ 0T ^ 

\i\<k+2 reMat(NxN,S) 

We consider the C k+3,a regularity of a solution u of the equation 

(41) u = F(D 2 u,x,t) + g(x,t)- 

The following boundary estimates hold: 


< 00. 
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Proposition 5.10. Let xq £ dkl, k > 0, r > 0 and u £ fl B r {x o)) x (0,T)) D 

C k+2,a ((Ll H B r (x 0 )) x (0, T)) be a solution of 


(42) 


u = F(D 2 u, x,t) + g(x,t) on (Q fl B r (xo)) x (0, T), 
u = ip on (dfl D B r (x o)) x (0, T), 


where p £ C' fe+3 ’ a (Q x (0,T). Then there exists r' £ (0,r) depending on r,Ll such that 
u £ C 3+k ’ a ((fl D B r /(x o)) x (e, T')) for any 0 < e < T' < T. Moreover 


\\ u \\c k + 3 ’ a ((nnB r ,(x 0 ))x(e,T')) < K, 

where K > 0 depends on A, A ,a,Ll,e,T',T,r,r', ||w|| < 7 / 0 + 2 ,<*, \\F\\ C k+ 2 -,k+i, a , || 5 , ||c' fe +i.“? 
Il^llcfc+S.a. 


This regularity is proved, for example, in [Lieb96j (or [GT83 ] , | CC95 j for the elliptic 
version). For the reader’s convenience, we recall the arguments here. 


Proof. Using a smooth diffeomorphism (as proof of Lemma 15.311 , we can replace U fl 
B r (x 0 ) by Bf and replace dkl fl B r (x 0 ) by r 4 . We need to show that u £ C k+3,a (Bf x 

(eX))- 

Let h > 0 be small and ei be the I th vector of the standard basis of R N , l < N. We 
define 


a ij( x it) 

g h (x,t) 
G h (x, t) 

p h (x,t) 
v h (x , t) 


= j — —( sD 2 u(x + hei,t ) + (1 — s)D 2 u(x , t), x + shei , t)ds, 
0 O r ij 

9{x + he u t) - g{x,t) 
h 

i 

= f Ff(sD 2 u(x + hei,t) + (1 — s)D 2 u(x, t), x + shei, t)ds, 
o 

p(x + hei, t ) — ip(x, t) 

= h ’ 

u{x + he/, t ) — u(x, t ) 

= h ' 


For the convenience, we denote Q a = Bf x (0, T) for any a > 0. Then 

ll a i/l!c' fc >“(Q 2 ) + \\g h \\c k ^{Q 2 ) + \\G h \\c k - a (Q 2 ) + \\ vh \\c k + 1 ’°‘(Q 2 ) + ll^ h ||c fc + 2 .“(Q 2 ) < A 

where A > 0 depends only on ||«|| cfc + 2 ,a ( Q 4) , \\F\\ C k+ 2 ,k+i, a{QA) , \\g\\ C k+i, a{Q4) , 11 T 11 c*+3.“(q 4 ) ■ 
Moreover, 


(43) 


v h = a ij v ij + g h + G h on Q 2 , 
v h = ip h on r 2 x ( 0 , T ). 


If k — 0, using a cutoff function and applying Schauder’s global estimates ( [Fried83] .page 
65), we have 

(44) ||u \\ C k+2, a ( B + x (e,T')) — A 

where C > 0 depends on A and e, T'. 

If k > 0 and Proposition 15.101 is verified for k — 1, then applying the case k — 1, we 
also obtain (jH]) . 

It follows that ui £ C k+2,a (Bf x (e,T 7 )) with \\ui\\ ck + 2 ,<x( B + x ( £ T ,^ < C. 
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By the same method, we can also show that ||'h|| C fc+i,«/ B + X ( e) 7v)) < C. It remains to 
prove \\uNNN\\ck,°‘(B+ x(e,T')) — C- On Bf x (e,T'), we have 

d F 

u N = ZXt^— {D 2 u,x,t))u ijN + F n {D 2 u, x, t) + g N (x,t). 

Then 


1 (. ^ dF \ 

UNNN ~ fW!f)r - MiV “ ^ 7h~ Ul3N ~ fjN ' 

or / Or NN y (i,j)^{N,N) ar ij J 

Note that g ^ N > A > 0. Hence, u^nn G C k,a (Bf x (e, T')) and ||^^NlVN||c fc .“(_B+x(e,^ , )) 
is bounded by a universal constant. □ 


Using the method of the proof above, we also obtain the interior estimates 

Proposition 5.11. Let x 0 G H and 0 < r < d(xo,dLl). Let u G C k+2,a (B r (x 0 ) x (0, T)) 
be a solution of 

(45) u = F(D 2 u,x,t) + g(x,t) on B r (x 0 ). 

Then u G C k+3,a (B r / 2 (a;o) x (e, T')) for any 0 < e < V < T. Moreover 

IMI C k + 3 ’ a (B r/2 (x 0 ) X (e,T')) < O, 

where C >0 depends on X,A,a,e,T',T,r,\\u\\ C k+2, a ,\\F\\ C k+2-,k+i, a ,\\g\\ C k+i, a . 


Combining Proposition 15.101 and Proposition 15.111 we have the following 


Proposition 5.12. Let F, /, ip be functions defined as \5.H Assume that u G C 2 ' a {Ll x 
(0, T)) is a solution of 


(46) 


u = F{D 2 u ) + f{t, x, u ) on Ll x (0, T), 
u = ip on dLl x (0, T). 


Then u G C 00 ^ x (0,T)). 


6. Proof of the main theorem 
We recall the main theorem: 

Theorem 6.1 (Main theorem). Let LI be a bounded smooth strictly pseudoconvex do¬ 
main of C n and T G (0, oo]. Let u 0 be a bounded plurisubharmonic function defined on 
a neighbourhood H of LI. Assume that ip G C' 00 (fl x [0, T)) and f G C°°([0, T) x x M) 
satisfying 

(i) fu < 0 . 

(ii) <p(z, 0) = Uo(z) for z G dLl. 

Then there exists a unique function u G C' 00 (f2 x (0, T)) such that 

(47) «(.,£) is a strictly plurisubharmonic function on Ll, Vt G (0,T), 

(48) u = log det(u Q , j g) + /(£, z, u) onLlx(0,T), 

(49) u = ip on dLl x (0, T), 
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(50) limit(z,£) = Uo(z) Wz G 

Moreover, u G L°°(Cl x [0,T')) for any 0 < T' < T, and u(.,t ) also converges to uq in 
capacity when t —> 0 . 

If uq G (7(0) then u G C(Cl x [0, T)). 

Proof. Replacing T by 0 < T' < T, we can assume that T < oo and there exists C :f 
such that 

(51) ||^||c 4 (Qx(0,T)) < C v . 

We can also assume that \\ f \\c 2 ([o,t)xCix[-m,m]) < 00 f° r any M > 0. 

Existence of a solution. 

Using the convolution of Uq + with smooth kernels, we can take ?io, m G C' 00 (h2) such 
that 

Uq, 

dd c u 0m > — dd c \z\ 2 . 
m 

Note that tiolan is continuous. Then 

(52) 5 m = sup (tto.m(^) - u 0 (z)) 0. 

z£d£l 

We define g rn G C°°(f2) and p m G C°°(f2 x [0, T)) by 

9m = ~ log det(M 0 , m) a p + /(0,Z,U O ,m), 

Pm = C ( — ){tg m + U 0 ,m) + (1 - — 

where ( is a smooth funtion on M such that ( is decreasing, Clf-oop] = 1 and C|[ 2 ,oo) = 0 . 
e m > 0 are chosen such that the sequences {e m }, {e m sup \g m \} are decreasing to 0 and 
((-£;)( u o,m(z) - p{z,t)) > 0 for any m. 

Then tp m converges pointwise to p on dfl x [0, T ) and for any 0 < e < T, there exists 
m e > 0 such that p m |n x (e,T) = p\cix(e,T), Vm > m e . 

Moveover, 

Pm(,Z, 0 ) Ho,m(^) j 

Pm = logdet(M 0 ,m)a^ + f(t,Z,U 0 ,m), 

where (z,t) G dfl x {0}. 

By the theorem of Hou-Li, there exists u m G C°°(Q x (0, T)) nC 2 ; 1 (f2 x [0, T)) satisfying 

{ u m = log det(u m ) a p + f(t,z,u m ) on Q x (0,T), 

Um = Pm. on dPt x [0, T), 

Um = Wo,m Oil Cl X {0}. 

Applying Corollary 12.51 for u\ and u m , we see that the functions u m are uniformly 
bounded by a constant C u > 0. Then we can assume that ||/||c 2 ((o,T)xnxR) < C/. 
Applying Theorem II. II on U x (| ,T), we obtain 

|| ||c 2 (f2x(<!,T)) 5; CJ, 
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where C — C(e, T, fi, Cf, C v , C u ), m is large enough. 

It follows from the C 2,a estimates in Section [5] that for any 0 < e < T' < T, there exist 
M = M(e, T' , C , fi, C v , Cf) and 0 < 7 < 1 such that 

ll' U m||c 2 'T'(hx(e,T)) < M. 

By Ascoli’s theorem, there exists u £ C 2 , 7 ' / 2 (f2 x (0 ,T)) such that 


(54) 


u 


C 2 ’^ 2 (fix(e,T)) 


m k 


U. 


Thus u satisfies (1471) . (1481) and (1491) . By Proposition 15. 121 we have u £ C°°(f2 x (0,T)). 
Clearly, u is bounded. We need to show the convergence of u(.,t) when t —> 0. 

Step 1: liminf u(z, t) > Uo(z). 

t —>-0 

By (1541) . there exists a subsequence of (u m ), also denoted by (u m ), which converges 
pointwise to uonOx ( 0 , T ). 

For any a > 0, there exists A > 0 such that Vm > 0, v m = u 0 ,m + ap — At satisfies 


(55) 


v m < log det(v m ) a p + f(t, z, v m ), 

^m|i9p(f2x(0,T)) C V m |cJp(f2x(0,T)) T £m SUp | Q m I + 5 m) 


where p £ C°°(f 2 ) is a non-positive strictly plurisubharmonic function on fi. 
It follows from Corollary 12.51 that 


v m C v m T e m sup | g m | T S m . 


Hence 


(56) u(z, t ) > lim (v m (z, t ) - e m sup \g m \ - S m ) = u 0 (z) + ap(z) - At. 

ra—>■ 00 

Then we have 


liminf u(z, t) > u 0 (z) + ap(z). 
t—> 0 

When a —> 0, we obtain 


(57) liminf u(z, t) > u 0 (z). 

t—> 0 

Step 2: lim sup u(z,t) < u 0 (z). 

t—> 0 

Let e > 0. Assume that m 0 > 0 satisfies e mo sup \g mo \ < e. 
For any m > k > m 0 , we have 


^ 0 ,m U 0}k C 0 , 

Pm ~ Pk = C(^—)( u 0,m — P) — C(^~)( u 0,k ~ P) 
+^mC(~) — tg k ((±) 

< C(^)(wo,m - p) - C(^)(«o,fc - p) + 2 e 

— C(t)t)(^o, m wo.fc) T 2e 

< 2e. 


It follows Corollary 12.51 that 

v m C v k + 2 e. 


u(z,t ) = lim u m (z,t) <u k (z,t ) + 2 e. 

m—> 00 


Hence 

(58) 
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Then we have 


limsup u(z, t) < u 0t k(z) + 2 e. 

t ->0 

When k —> oo and e —> 0, we obtain 


(59) limsup u(z,t) < u 0 (z). 

t—>o 

Combining (T5T|) and (1551) . we obtain (T5UT) . 

Step 3: Convergence in capacity. 

The bounded plurisubharmonic function Uq is continuous outside sets of arbitrarily 
small capacity. Then the convergence in capacity is implied by (155j) . (1551) and Hartogs 
lemma (Lemma 90 of (Berl3]) . 

If Uq G (7(12) then Uo, m and tp m converge uniformly, respectively, to Uq and ip. It follows 
Corollary 12.51 that u m converges uniformly to u. So u is continuous on x [o,n 

Uniqueness of the solution. 

Let u,v e C°°(Cl x (0,T)) be functions satisfying (l47|h (148|) . (1491) . (1501) . Let e > 0. We 
need to show that u < v + (t + 3)e. 

Step 1. 3A > 0, v(z, t ) > u 0 (z) — e — At. 

For m > 0, we denote v m (z,t ) = v(z, t + —). Then v m is the solution of 


(60) 


v m = logdet {v m ) a p + f{t+ ±,z,v m ) on ft x (0, T - A), 
v m (z, t) = (p(z, t + A) on dn x (0 ,T - A). 


Let p G C'°°(fi) be a non-positive strictly plurisubharmonic function on such that 
inf p = —1. Then there exists A > 0 depending only on e, p, ||<p||ci, sup fit, z, sup p) 
such that 


(61) 


w m < logdet {w m ) a p + f(t+ A,z, Wm ) on Q x ( 0 , T - ^), 
W m (z, t ) < tp(z, t + A) on dn X ( 0 , T - i), 


where w m = v(z, A) + ep - At. 

Applying Corollary 12.51 we have v m > w m . When m —> oo, we obtain 


v(z, t ) > Uq(z) + ep(z) — At > u 0 (z) — e — At. 

Step 2. 3 m 0 > 0, Vm > m 0 , 3 k m > m, v(z, A) > — 3e + u(z, ^-). 

Step 1 implies that v is bounded. Then we can assume that ||/||c 2 ([o,T)xhxK) < °°- 
By step 1, we have 

1 A 

viz , —) + e 3 -> un(z) = lim u(z,t). 

m m i^o 

Applying Hartogs lemma, for any K d there exists k m ,K > nr such that 

1 1 A 

(62) uiz, - -) < viz , —) + 2e H-Vz G K. 

k m ,K m m 

Let m 0 > ^max{l, A, ||/||c 2 ) ||^||c 2 }> where h G C°°(f2 x [0,T)) is a spatial harmonic 
function such that h| anx( 0 i r) = ^|sox(o,t)- 
For any m > m o, let K = K m d such that 

viz, —) + e > hiz, —) Vz G ki \ K. 
m m 
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Let k m = krn.Km- Then 

(63) viz, —) > —2e + hiz, -—) > —2e + uiz, -—) Vz G hi \ K. 

m k m k m 

Combining (1641) and (165j) . we obtain 

viz , —) > —3e + uiz, -—) Wz G G. 
m k m 

Step 3. Conclusion. 

Let u m (z, t ) = u(z, t + ^-) — et. For m > mo, we have 


(64) 

film = log det(v m ) a/ g + f(t + ~,z,v m ) > log det(v m ) a p + f(t + ^,z,v m ) - e, 
\u m < log det(u m ) a p + f(t + r±-,z,u m ) - e. 

Applying Corollary 12.51 we have 


(u m - v m ) < sup (u m - v m ) < 3e 
0 p(nx(o,r-i)) 


When m —> oo 1 we have 

u(z, t ) — v(z, t) — et = lim (u m (z, t ) — u m (^, t)) < 3e. 

m—> oo 


When e —> 0, we obtain 


u(z, t ) < n(^, t). 

Since the roles of u and v are symmetric, v(z,t ) < u(z,t). Then u = v. 


7. Further directions 


□ 


In this section, we discuss further questions in the same general directions as our 
result. On compact Kahler manifolds, the corresponding problem was solved in the 
case where / = 0 and uq has zero Lelong numbers. In that case, there exists a solution 
u satisfying u(.,t) —* uq in L 1 (see |OZ13j ). and the solution is unique (see [ DL14] ). It 
is natural to ask whether the same result holds for a domain in C n . Let us state our 
conjecture 

Conjecture 7.1. If we replace the condition ”uq G L°°(Cl)” in Theorem lh.il by the 
condition ”uq has zero Lelong numbers” then there exists a unique function u G 
(0, T)) satisfying (1471) . (1451) . (1441) such thatu(.,t ) —» u 0 in L 1 (Q). 

The case where uq has positive Lelong numbers is another problem. It was also 
considered and solved in the case compact Kahler manifold by }GZ13| and (DL14j . It 
is the motivation of the second direction: the case of domain in C n and Uq has positive 
Lelong numbers. 

There is another question: What is the behavior when we replace the condition 
”uq G PSH(ny in Theorem 16.11 bv the condition ”n 0 £ PSH(fl)”7 In order to 
prove Theorem 16.11 we construct plurisubharmonic functions Wo,m which converge to 
uq. This step is easy if we suppose that uq G PSH(Cl). If we only suppose that 
”w 0 ^ PSH(Q) and lim uq(z) = (p(zo)”, maybe this step is still realizable but 

more difficult. We give a provisional result in this direction. 
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Proposition 7.2. Let LI be a bounded smooth strictly pseudoconvex domain of C n and 
T £ (0, oo]. Let uq be a continuous plurisubharmonic function on 0 such that uq is 
smooth on f2\X, where X <<= Assume that ip, f are functions satisfying the conditions 
of Theorem, \6.1\ Then there exists a unique function u € C°°(f2 x (0, T)) nC(f2 x [0, T)) 
satisfying (j47T) . (1481) . (1491) and m(.,0 ) = u 0 . 

Proof sketch. Let p, ( be the functions defined in the proof of Theorem 16.11 Let if be 
a smooth function in LI and 0 be a smooth function on M satisfying 

• 0 < if < 1, if\i/i = L,if\a\u 2 = 0, where X (&U\ (s f / 2 LI. 

• (f is convex and increasing, </>|(_ 0^-3) = — 2 , 0|(_ liOO ) = Id. 

Using convolutions of u 0 + —, we can hnd w 0 ,m £ C' 00 (U 2 ) such that Wo,™ and ifuo, m + 
(1 — if)(u 0 + —) are strictly plurisubharmonic functions. 

We define u 0 ,m £ U 00 ^), g m £ C oo (0 \ X), <p m £ C 00 ^ x [0, T)) by 

Uo, m = fiuo,™ + (1 - VOK) + —) + —0 0 (mp), 

m m 

7TI 1 777/ “j - 1 

9 m = ~<p\t=o + log det (u 0 H- p) a 3 + f(t,z,u 0 H- p), 

777/ M 777/ 

t 

in -j -1 r 

cp m = (l-if)(t((mt)g m + u 0 -\ -p+ / <p). 

m J 

0 

Repeating the techniques in the proof of Theorem 16.11 we show that there exists a 
unique function u £ U7°°(U2 x (0, T)) 0(7(0 x [0, T)) satisfying (1471) . (jUJ), (1491) such that 
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